Abstract. This paper is concerned with the space K w * (X * , Y ) of weak * to weak continuous compact operators from the dual space X * of a Banach space X to a Banach space Y . We show that if X * or Y * has the Radon-Nikodým property, C is a convex subset of K w * (X * , Y ) with 0 ∈ C and T is a bounded linear operator from X * into Y , then T ∈ C τc if and only if T ∈ {S ∈ C : S ≤ T } τc , where τc is the topology of uniform convergence on each compact subset of X, moreover, if T ∈ K w * (X * , Y ), here C need not to contain 0, then T ∈ C τc if and only if T ∈ C in the topology of the operator norm. Some properties of K w * (X * , Y ) are presented.
Introduction and the main result
Representations of dual spaces of operator spaces provide a useful tool to study approximation properties of operators. Grothendieck [8] established a representation of the dual space of L(X, Y ), the space of bounded linear operators between Banach spaces X and Y , when endowed with the topology τ c of uniform convergence on each compact subset of X and the representation was applied to study the approximation property. A Banach space X is said to have the approximation property (AP) if the identity operator id X ∈ F (X, X) τc , where F (X, X) is the space of finite rank operators on X, and we say that X has the metric approximation property (MAP) if id X ∈ {T ∈ F (X, X) : T ≤ 1} τc . The AP is formally weaker than the MAP, in fact Figiel and Johnson [6] showed that the AP is strictly weaker than the MAP, more precisely, they constructed a separable Banach space having the AP but failing to have the MAP. Grothendieck [8] applied the representation of the dual space of (L(X, Y ), τ c ) to show that for separable dual spaces, the AP and MAP are equivalent. But it is a long-standing famous problem whether Note that the above mentioned passage from the AP to the MAP for separable dual spaces easily follows from Theorem 1.1. Recently, Choi and Kim [3] used a representation of the dual space of K w * (X * , Y ), endowed with the topology of the operator norm, to obtain the following.
Theorem 1.2 ([3, Theorem 2.3]). Suppose that X
* or Y * has the RadonNikodým property. Let Y be a subspace of K w * (X * , Y ) and let T ∈ L(X * , Y ).
Then T ∈ Y τc if and only if T ∈ {S ∈ Y : S ≤ T } τc .
In this paper, we adjust arguments of Feder, Godefroy and Saphar ([5, Theorem 1], [7, Theorem 1.5] ) to extend Theorem 1.1:
and only if for every ε > 0, T ∈ {S ∈ C : S < T + ε} τc .
The following corollary extends Theorem 1.2.
Corollary 1.4. Suppose that X * or Y * has the Radon-Nikodým property. Let C be a convex subset of K w * (X * , Y ) with 0 ∈ C and let T ∈ L(X * , Y ). Then T ∈ C τc if and only if T ∈ {S ∈ C : S ≤ T } τc .
Proof. Suppose T ∈ C τc . Let K be a compact subset of X * and let ε > 0. Choose δ > 0 so that (δ/( T +δ)) sup x * ∈K T x * < ε/2. Then by Theorem 1.3 there exists an S ∈ {S ∈ C : S < T + δ} such that sup x * ∈K Sx * − T x * < ε/2. Consider ( T /( T + δ))S ∈ C with ( T /( T + δ))S < T . Then sup
* * is the natural isometry.
Proof. Suppose that X * has the Radon-Nikodým property. We define the map
Then V is well defined, linear and V ≤ 1. First we use the proof of [5, Theorem 1] to show that V is a quotient map and so V * is an isometry. Let the map i : Y → l ∞ (B Y * ) be defined by i(y)(y * ) = y * (y) for every y * ∈ B Y * . Then i is an isometry and so the map
Since l ∞ (B Y * ) * has the approximation property and X * has the Radon-Nikodým property,
by the isometry J 3 (see [15, Theorem 5 .33]).
. Then by the above diagram ϕ = V (v) and we have
Thus ϕ = v π and so V is a quotient map. Now we use the proof of [7, Proposition 1.1] . Let the map W :
Thus W * i * 1 i 2 = V . Now consider the following diagram:
Thus the above diagram is commutative and so i
Recall that, if the range of an adjoint operator is norm closed, then the range is w * closed. Thus we have
We have shown that i
Note that if an adjoint operator is an isomorphism, then the inverse of this adjoint operator is w * to w * continuous on its range. Hence Φ is a w * to w * homeomorphic linear isometry and for every
This completes the proof for the case that X * has the Radon-Nikodým property. Now suppose that Y * has the Radon-Nikodým property. Define the map
Then it is easy to check that ψ is a surjective linear isometry with the inverse
Hence ψ is w * to w * continuous and, similarly, so is ψ −1 . Let S ∈ K w * (X * , Y ) and let x * ∈ X * and y * ∈ Y * . Then S * (y * ) = j X (x) for some x ∈ X and so we have
Since Y * has the Radon-Nikodým property, we can find the map
in the first case. Define the map φ :
Then we see that φ is a surjective linear isometry. Then φ * * is a w * to w * homeomorphic isometry from
Then Φ is a w * to w * homeomorphic and surjective linear isometry, and
Remark 2.2. Suppose that X * * or Y * has the Radon-Nikodým property. Let
* * is a w * to w * homeomorphic and surjective isometry. We can find the map Φ :
To show Theorem 1.3 we need the following simple but useful lemma which is contained in the proof of [7, Theorem 1.5] . For the sake of completeness we provide the concrete proof. Lemma 2.3. Let C be a convex subset of a Banach space B and let x * * ∈ B * * .
If x * * ∈ j B (C) w * in B * * , then for every ε > 0,
Moreover, if x * * ∈ j B (B) and x * * ∈ j B (C) w *
, then x * * ∈ j B (C) in the topology of the norm.
Proof. Let ε > 0 and let U be a convex w * closed neighborhood of x * * . Then 
Thus there exists a net (j
B (W )) in the topology of the norm because ψ(j
) is a convex set in B. Thus there exist j B (x 1 ) ∈ V and j B (x 2 ) ∈ W so that
x < x * * + ε} w * . The remaining part follows from convexity of C and that j B is w to w * homeomorphic from B onto j B (B).
Grothendieck [8] obtained that the dual space (L(X, Y ), τ c ) * consists of all functionals f of the form f (T ) = n y * n (T x n ), where (x n ) in X, (y * n ) in Y * , and n x n y * n < ∞. The summable weak operator topology (swo) on L(X, Y ) is the topology induced by (L(X, Y ), τ c ) * (see [4] ). Then, for a net (T α ) in L(X, Y ) and T ∈ L(X, Y ), T α swo −→ T if and only if n y * n (T α x n ) −→ n y * n (T x n ) for every (x n ) in X and (y * n ) in Y * with n x n y * n < ∞, and C τc = C swo for every convex subset C of L(X, Y ) (cf. see [4, Proposition 3.6] ). We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. Suppose T ∈ C τc and let ε > 0. By the above note there
Thus there exists a net (S β ) in C so that Φ(S * β ) w * −→ Φ(T * ) and S β < T + ε for every β. Then S * β
Hence, by the above note, T ∈ {S ∈ C : S < T + ε} swo = {S ∈ C : S < T + ε} τc .
Corollary 2.4. Suppose that X * or Y * has the Radon-Nikodým property. Let C be a convex subset of K w * (X * , Y ) and let T ∈ K w * (X * , Y ). Then T ∈ C τc if and only if T ∈ C in the topology of the operator norm.
Proof. If T ∈ C τ , then by the proof of Theorem 1.3, Φ(T * ) ∈ Φ({S * : S ∈ C})
3. Some properties of
The operator T = n x n ⊗ y n with n x n y n < ∞ from X * to Y is a simple example of a w * to w continuous compact operator because the operator is a limit of w * to w continuous finite rank operators and the space K w * (X * , Y ) is closed in the topology of the operator norm. A Banach space X is reflexive if and only if the space K(X * , Y ) of compact operators and K w * (X * , Y ) are the same. Indeed, if X is nonreflexive, then there exists an x * * 0 ∈ X * * so that x * * 0 is not a w * continuous linear functional. Then the operator x * *
Y T * * . The bw * topology is strictly stronger than the w * topology (cf. see [13, Corollary 2.7.7] ). But for T ∈ L(X * , Y ), T is w * to w continuous if and only if T is bw * to w continuous. Indeed, if T is bw * to w continuous, then for every
Hence T is w * to w continuous because T is w * to w continuous if and only if T * (Y * ) ⊂ j X (X). We now establish some criteria of w * to w continuous compact operators. 
(d) T x
We are now ready to represent the dual space of K w * (X * , Y ). 
for all T ∈ K w * (X * , Y ) and ψ = µ and so ψ ≥ ψ I . Also for every such representation ν of ψ, we see ψ ≤ ν . Hence ψ = ψ I . Since for every ϕ ∈ I w * clearly ϕ ∈ K w * (X * , Y ) * , the conclusion follows.
Remark 3.4. Under the assumption that X * or Y * has the Radon-Nikodym property, elements of K w * (X * , Y ) * can be represented by a series form, more precisely, for every ϕ ∈ K w * (X * , Y ) * and ε > 0 there exist (x * n ) in X * and (y * n ) in Y * with n x * n y * We need the following lemma to obtain a more concrete representation of K w * (X * , Y ) * than the one in Remark 3.4 when X * is separable. 
We now have:
Proof. Let ϕ ∈ K w * (X * , Y ) * and let ε > 0. Then by Theorem 3.3 there exists a regular Borel measure µ on B X * × B Y * with ϕ = µ so that Finally we consider a factorization of elements in K w * (X * , Y ). The following theorem is essentially contained in Aron, Lindström, Ruess, Ryan [1] , and Mikkor, Oja [14] . But we use Proposition 3.1 to slightly simplify the existing proof. Proposition 3.10. If T ∈ K w * (X * , Y ), then there exist a separable reflexive Banach space Z, R ∈ K w * (X * , Z * * ) with R = T , U ∈ K w * (Z * * , Y ) with U = 1 such that T = U R.
Proof. Let T ∈ K w * (X * , Y ). Then by Lemma 3.9, there exist a separable reflexive Banach space Z with T (B X * )/ T ⊂ B Z ⊂ B Y , S ∈ K(X * , Z), and
